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Review: Lecture 6

m Quantum Gates

1.

2024/5/21

Bits and Qubits

> Definitions and their relation

Classical Gates

» NOT, AND, OR, and NAND gates

> IeeeBmSiEAI]

» Sequential and Parallel Operations
Reversible Gates

> Controlled-NOT, Toffoli, and Fredkin gates
Quantum Gates

> Definition

» Phase shift, Controlled-U, and Deutsch gates
» Limitations
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Lecture 7: Quantum
Algorithms

Deutsch's algorithm

e The Deutsch oracle problem

e Reversible and irreversible operators
e Deutsch’s algorithm

e Discussion

2024/5/21

Deutsch-Jozsa algorithm

e Hadamard matrix and Kronecker
product

e N-bit Deutsch oracle problem

e Deutsch-Jozsa algorithm
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1. Deutsch's algorithm

m Basic framework of quantum algorithms

2024/5/21

The system will start with the qubits in a
particular classical state

From there the system is put into a
superposition of many states

This is followed by acting on this superposition
with several unitary operations

And finally, a measurement of the qubits
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balanced

constant

1. Deutsch's algorithm

m Balanced and constant functions

identity f(z) =z

negation f(z) =—z

(bit flip/X gate)

constant-0  f(z) =0

constant-1  f(z) =1
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1. Deutsch's algorithm

m The Deutsch oracle problem
e Given a function 7: {0, 1} -> {0, 1} as a black box (BB),

where one can evaluate an input, but cannot "look
inside" and "see" how the function is defined,

determine if the function is balanced or constant.
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1. Deutsch's algorithm

m Solution with a classic computer

e [wo steps

|

<
Step 1: first evaluate f
on one mput

f(0)=0
f(0)=0 £(0) =
=0 J1)=
Constant Balan r.:ed

2024/5/21

{Quantum Computing)

f(0)=1
f(1)=0

Balanced

/Step 2: then evaluate R

fon the second input,
and finally, compare

\the outputs )

f(0)=1

f(0)=1
=1

Constant
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1. Deutsch's algorithm

m How about a quantum computer?

e Quantum computer use only reversible operations

» Given the operation and output value, find the input

e Operations which permute (2{F) are reversible
> e.g. X gate, CNOT gate, H gate, identity and negation

e Operations which erase & overwrite are irreversible

» Constant-0 and constant-1 are not reversible

TEMB{1%EEERE{E (JFEDeutsch algorithmERAZE]) |,
BEENTHERARIE (B{1EMEREXT MBI R %)
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1. Deutsch's algorithm

m Reversible operators

e NOT (X) gate
> |z — |—z)

2024/5/21
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1. Deutsch's algorithm

m Reversible operators
e CNOT (CNOT) gate

2024/5/21

> |z, yp = |z, 2Dy
- Operation on a pair of bits
|z is the control bit
[y is the target bit

00 &e——¢ (00

01 e—e (1
10 :><:: 10
11 11
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1. Deutsch's algorithm

m Reversible operators
e Hadamard (H) gate

» Maps a 0- or 1-bit into exactly equal superposition,
and back (operations are their own inverse!)

<z>[%]i<:>l[% o B

vz vz v\

Ll e e |

* We can transition out of\
superposition without
measurement

* We can structure
guantum computation
deterministically instead

o[ f]<>[f]<:>[f i R0

__\ve A 7)) _\vE) N ve)\vE)

- K of probabilistically /
We can transition into
superposition from classic state
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1. Deutsch's algorithm

m Reversible operators

e The unit circle state machine

> Unit circle
> 8 states
> 4 different states (why?)

1. Quantum States

m Case 1: positions on line

e Kets can be added
[¥) + 1¥') = (o + cp)lxo) + (1 +c)lx) + -+ + (w1 + €,y )n1}
= [co+cher €)oo cur + ] (4.13)
e A ket has complex scalar multiplication
clw) = ceplxa) + cerlx) + -+ + cCulXua1) = [ceo, ccy, ..., CCn |]'. (4.14)

e Ket and its complex scalar multiplies describe the
same physical state ([@E{Z—T : FHHESKHEAR )

> A ket's length does not matter as far as physics goes
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1. Deutsch's algorithm

m Reversible operators

e The unit circle state machine
X gate < H gate

2024/5/21 {Quantum Computing)
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1. Deutsch's algorithm

m Reversible operators

e The unit circle state machine
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1. Deutsch's algorithm

m Irreversible operators

e Conversion to reversible operators
» Add an additional output qubit, output |z) , which
recovers input |z)

> Add an additional input|z>, which can be recovers by
applyinglz =2 f(z)® f (z)) given the operation 7 (-) and

output |z)
2> )
|z f (@)
FOF—— 7
|2 2@ f(2))
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*NFERE

m AT ERIRE] F RIAE 17

e IH
|z |z £
F F
|2 2@ f(2)) 2@ f(2)D f(z))=|2)

KETF: (AANTERETIHE) , ChrisBernhardts, HIECERE, IR, 20204
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m AN T AR F HURIE 17

o I — r—
i I 0 ®10) (0> ®|f(0))
. 0 ® 1 IOfO@D)
22 | 2D @) D ®[0  IDS|FI))
DRI IDelfOeL)

o WFEET, f(0) 5§ f(O)®1 —PARO, —AT
o WHERT, f(1) 5 f(MS1 —1A0, — A1

KREF: (AANTERNETIFE)Y , ChrisBernhardt?®, IECEFE, HURIIHRM, 20205
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*NFERE

m T T R F HRE 77
o AT

A fhth
i I 0> ® 10> 0)>®|£(0))
. 0 ® 1 IOefO)®1)
2 B f@) D10y LD
D)  IDSFO)oL

o MASHLIIAINER, RB—IMMrEERRENE
o RUANZIERH (BHEME) , EFRSIERSCI

KREF: (AANTERNETIFE)Y , ChrisBernhardt?®, IECEFE, HURIIHRM, 20205
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*NFERE

H iEHﬂ *]T/
o ETEMNINEL

o RIRE
> BI1I=V'V

2024/5/21

A

E | FASS

C3L

AHARERE M 2 1EAZHY
= U—[u,,u,, - *D V=

THFEfE M- Uu—-V,BlVv = UM

=(UM) ' (UM)

~—MUUM=MIM=MM
> B FnEESIRIEMERIEACH (BPNEEERE)
o RIZE— 1 H=Es E UV TFRIMIEDEIN =z Fy

» Bs—Uz—Vy—UMy > z— My
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*NFERE

s NAFEREEIAET] ((NEER—. =17)

TP it
2 o 0> ® 10> [0>®[f(0))
F
2> =10) £ (2)> 1D ®RI(0> IDR|FQ))

o H=0)RJ, F(l2),I00)=(lz),|f(z)))
o AAIIFERZEY f(z) B30 BIIERR| ] F, RRE—XIML

KREF: (AANTERNETIFE)Y , ChrisBernhardt?®, IECEFE, HURIIHRM, 20205
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1. Deutsch's algorithm

m Reversible gate for constant-0 function

%) %)
0> 0> f(x)=0
|z |z) ﬁ
F F(|z,0))=|z,0)
10> 10>
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1. Deutsch's algorithm

m Reversible gate for constant-1 function

%) %)
0 i) f(z)=1
|z |z) ﬁ
F F(lz,0))=lz, 1)
10> 1>
X >
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1. Deutsch's algorithm

m Reversible gate for identity function

%) %)
10> 2 fo)==x
|z |z)
@ >
F F(lz,0))=lz,x)
10> |z
N N
AN >
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1. Deutsch's algorithm

m Reversible gate for negation function

0>

|—z)

2024/5/21
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*NFERE

n SREEFEEANEATERAE
o BEXINIPEE—NF, BRXNIZLIRA
BEFAIREXT N AVERZY /i B R (EREL R EREL?
o WNERIRHFIMANLHEEE |0>E 11>, WA
MR
o MNRAFHMAEE 0TI BN, WREE(RF

XN T—IR

[

KETF: (AANTERETIHE) , ChrisBernhardts, HIECERE, IR, 20204
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1. Deutsch's algorithm

m Deutsch's algorithm

0> IMSB)

BB
0) |ILSB)
X H H X

e If the BB function is constant, measurement result
would be |IMSB, LSB) = |11}

e If the BB function is balanced, measurement result

would be [MSB, LSB) = [01)
(REBI3ASR 820200 FF SRR 4 ELSBX BN S P S $41R)
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1. Deutsch's algorith

——————————————————

)i = e
m Deutsch's algorithm » o o ST

__________________

® preprocessing

2024/5/21 {Quantum Computing) 27



1. Deutsch's algorithm

0 ] E >
m Deutsch's algorithm , o
ES Ly H

e BB is constant-0 function S—— |

IMSB, LSB) = [11)

2024/5/21 {Quantum Computing)



_____________________________

1. Deutsch's algorithm

1] =
m Deutsch's algorithm , I s N
e BB is constant-1 function S =

IMSB, LSB) = [11)
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1. Deutsch's algorithm

0>

m Deutsch's algorithm
e BBis identityfunction e — |

IMSB, LSB) = [01)
2024/5/21 {Quantum Computing) 30



1. Deutsch’s algorithm

m Deutsch's algorithm

e BB is identity function (cont.)

1
2
R L 1

V2 V2 || 2| 1

CNOT 1 & 1 =CNOT 1 =3
V2 V2 2
1
2

IMSB)

|LSB)

2024/5/21 {Quantum Computing)
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1. Deutsch's algorithm

0>

—{H] -
m Deutsch's algorithm , _— L >

e BB is identity function — |

IMSB, LSB) = [01)
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_____________________________

0> E E E B IMSB»
m Deutsch’s algorithm » bl

____________________________

e BB is negation function

IMSB, LSB) = |01)
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1. Deutsch's algorithm

m Discussion

e We did it! But why?

» Problem 1: Why it is so efficient?
> Problem 2: Why it is effective?

2024/5/21 {Quantum Computing)



1. Deutsch's algorithm

m Discussion

e Problem 1: Why it is so efficient?
> Palm civet for prince (J8jEIaAKF)

Irreversible functions -> reversible gates
Classic bits -> qubits
» Qubits
Superposition
Parallel computation

2024/5/21 {Quantum Computing)
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1. Deutsch's algorithm

m Discussion
e Problem 2: Why it is effective?

» The difference within categories (negation) was
neutralized

» The difference between categories (CNOT) was
magnified

2024/5/21 {Quantum Computing)
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1. Deutsch's algorithm

m Discussion
e We did it! But why?

|z lz) E > lz)
0 0 105 - -

Constant-0 identity 1. Difference within

: categories is negation
" " " " 2. Difference between
S > categories is CNOT

o || ® 0y 2> G

Constant-1 ? negation

2024/5/21 {Quantum Computing)



1. Deutsch’s algorithm

o)

m Discussion
e We did it! But why? @

LSB

[H}-~ | ?
A 0
Constant-0 e identity
— XA b b e Ll o
Constant-1 e i negation IMSB, LSB) = [01)

2024/5/21 {Quantum Computing) 38



1. Deutsch’s algorithm

o)

1. Difference within categories,

H DiSCUSSiOn negation, is neutralized
e We did it! But why? @

LSB) = [11»

LSB

A
A e i

LSB) = [11> ‘

2024/5/21 {Quantum Computing) 39




1. Deutsch’s algorithm

o)

m Discussion . |
2. Difference between categories,

e We did it! But Why? -~ CNOT, is magnified

I MSB
! 1

|IMSB, LSI
- . . -

2024/5/21 {Quantum Computing) 40



e XITHOnE:

m B=E
o Deutsch&;ZHFFE —FEIEFHIXENERNL?
0D |IMSB)
X H H X
BB
10> |ILSB>
X H H A

o IRAZEVEN, NFEEXEREMEEN?

(RRi545%2018% EiF7KEF 45 H 8 — 5K X TRIwA 214 )RR
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#hrEEERt X ES

EF_-I/—/—.—t—.

m B
o Deutsch&;ZHPFE—FIEFHIXENERING?
> AEER, AR RIZSREuHTX o, (BERB/R.
o MNEAEVER, NEXZEREREN?

> If the BB function is constant, measurement result

would be |MSB, LSB) = |01)

> |If the BB function is balanced, measurement result

would be |MSB, LSB)Y = [11)
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m /R

® preprocessing
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A
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—————————————————————

*FEER XITRYIDEE

W] e
/\
= [REDHT Ny T

e BB is constant-0 function

IMSB, LSB) = |01)
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*hFEEF XTI EM

] I e
VAN i i
 [REDHT KAy T A e My

e BB is constant-1 function

IMSB, LSB> = |01
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e XNRwEE
0) H . — IMSB)
m [REDHT v H & _ — 1sB)

e BB is identity function

IMSB, LSB> = |11)
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#hFEERRE: X[ ERE

m [REA T

e BB is identity function (cont.)

3
L 1 1 100 0\/1 1 1 1
V2 _T 2 001 0/\-1 1 V2 V2
—;
A A
IMSB)

|LSB)
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e XNRwEE
0> ) = IMSB)
m [REDHT v H & _ — 1sB)

e BB is identity function

IMSB, LSB> = |11)
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#hFEER XITRYEE

________________________

|MSB)

m 5K 53\1;)'? 0> LSB)

_______________________

e BB is negation function

IMSB, LSB> = |11)
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*NFERRL  REEH—ENS?

o Deutsch&E /B IKAgEH—TEtNg?
> MBI THERBIEE{TIS?

0> IMSB)
H H—] =
BB
i
H
> NTA?

KREF: (AANTERNETIFE)Y , ChrisBernhardt?®, IECEFE, HURIIHRM, 20205
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1. Deutsch's algorithm

m Discussion

e This problem seems pretty contrived

> A generalized version with n-bit BB is solved by
Deutsch-Josza algorithm

» A variant of the generalized version was an inspiration
of Shor's algorithm
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2. Deutsch-Jozsa algorithm

m Hadamard matrix

o1
H=|vz ¥
1 1

| V2 V2 _

e Operation on single qubit

HO_111‘1_1 111 1 10} i :
; ”‘ﬁ[l ml,{o}ﬁu‘ﬁ{o}‘ﬁ{ }—7' 5
1 [T 1][0 1 [ 1 1 1

S
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2. Deutsch-Jozsa algorithm

m Hadamard matrix

e Operation on double qubits

|0)® | 0) ZZ

1 1

1 1 1
e [ D B B == [ | B e
[ﬁ' >+\/§| >j ( 2| s ,—211>j f—2(l00>+|01>+|10>+|11>)
| 0)® | 1) AR H i,

1
(100)=[01)+[10)—|11))

5 ) %"”‘%'”):ﬁ

10) +—=

&
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2. Deutsch-Jozsa algorithm

m Hadamard matrix
e Operation on double qubits
| D®|0) 25 #

1 1

0 ] 0
(ool
| D[ 1) 25 5 Bl

L (100)+ | 01)—10)—|11))

ﬁmj:ﬁ

|
L (100)—| 01| 10)+ |11)

oo

10) -

&
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2. Deutsch-Jozsa algorithm

m Hadamard matrix

e Vector representation of double qubits

|0)® | 0) 2F 2 pk

i =
(1 10y +— 1>j®( Loy )= 2 00y 01y 10y 111 jl> METT R h
— el - + — — : 4
10+ 1 ﬁu] (100)+ | 01)+ [ 10)+|11)) | a 511

0 1

| 0)® | 1) AL # 5l - .

0 1
1 1 1| -1

0 1 0 ) [== (100)—|01)+[10)—|11)) | o ek L
(I'>+I>)(f'>f>j <|>|>+|>|>)j>Owﬁzzl
0 -1

(ReibfgiteeM & EH IR ERRTARAEIR)
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https://gitee.com/lz1224329548

2. Deutsch-Jozsa algorithm

m Hadamard matrix

e Basis transformation matrix

2024/5/21
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2. Deutsch-Jozsa algorithm

m Kronecker product

e Hadmard gate for two qubits

11 11

_ N B

11 1 1 11 11

H®z:l 1 -l b =l :_1__ Lﬁ __\/—5_ _—\/—E— —ﬁ_ _

201 1 -1 -1| 2|1 1] [ 1 1 ]

1 -1 -1 1] V2 2| (V2 V2

1 1] |1
V2 V2] V2 2]
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2. Deutsch-Jozsa algorithm

m Kronecker product

e Hadamard gate for three qubits

2024/5/21

1 1 1 1

1] -1 1 =

R |

1 |1 -1 -1 1]
22| 1 1]
i -1 1 -l

1 1 -1 -1

1 -1 -1 1]

{Quantum Computing)
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2. Deutsch-Jozsa algorithm

m Kronecker product

e Hadamard gate for n qubits

_] -
H@,, 1 H®(n ) H@(n 1)
. oD _ e

V2

(BSf5A5 F ©20202% F X PR F 21 IEHadamar d BRI E $H1%)
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2. Deutsch-Jozsa algorithm

m N-bit Deutsch oracle problem
e f(b,by,--,b,) where b,c {0,1}

e f is either constant function (always output 0
or 1) or balanced function (half output 0 and
half output 1)

e How many steps to classify the type of f

2024/5/21 {Quantum Computing)



2. Deutsch-Jozsa algorithm

m N-bit Deutsch oracle problem

e Example: 3-bit condition
(0,0,0),(0,0,1),(0,1,0),(0,1,1),(1,0,0),(1,0,1),(1,1,0),(1,1,1)

e Best case: 2 times
£(0,0,0) =1 and £(0,0,1) =0

e Worst case: 271 +1 times
f(07070>:1’ f(ana]-):l’ f(07170):1’ f(oa]-al):]-
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2. Deutsch-Jozsa algorithm

m Fgate for n-bit function

n

n
’\0> “l) di |xn—l> // // "\.0>®|'\‘1>®'”

\)/7> ly(_[,j \0”rl’ .o

XAHE SR BAMRTHAx) (BARIOELALD)
LA . FAH 1+ 1A ket 4R
13y, HHET n A ket MEFREER, HHH A + 14 ket 41

| x)® | x,) ®---®| x,_,) Fll

pi, HAPH a4 ket % H 58T n S ket A STE2MHE, R

y=0, FJa—ffithgt | f (o, xsx,)) s MRy = 1, BJF—(%

1A | f (X500, x, ) BIHE RAELS
2024/5/21 {Quantum Computing)
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2. Deutsch-Jozsa algorithm

m Deutsch-Jozsa algorithm

___________________________________________________

o FIBTNEHNEFLLiSEREE F I JMMIAYHadamard|’]
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2. Deutsch-Jozsa algorithm

: Sl / oy : / H®" :
. | ! F
m D-J algorithm i . o

e Step 1: (3) qubits pass through Hadamard gate

11 1 11 1

. 11 -1 1 -1ljo| 1|1] 1

HEQoN =2 =5 |5 0000+ 00+ [10)+11)
1 <1 <1 e |1

FrgsAsmEm, A
e P

om0
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2. Deutsch- Jozsa algorlthm

——————————————————

// H @Xn

I
I
I |F
I
I
]

m D-J algorithm

—————————————————

e Step 1: (3) qubits pass through Hadamard gate

» Output state |
—=100)® (| 0)—|1))

242

o ®(0)-|1))

| 1 | 22
5(|00>+|01>+|10>+|11>)®£—2|0>‘$“>j <:> 1
+——=110)® (| 0)—|1))

242

L 1ye(o-)

22
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mD-Ja

e Ste
>

1
—|00) ®
2\/§| ) (]

1
—— [0y ®(| £(0,1))—| f(0,)) D1
+2\/§| )® (| £(0,1)—[ 1(0,) D))

1
—[10)®(| £(1,0))—| £(1,0) D1
+2\/§| )®( f(1,0)-]/(1,00D1))

—————

1 I

00...0) / {mon] /: :/ H®
1 I
° | F |
gorithm " |
— 1 I
L 1

0 2: (3) qubits pass through F gate
Output state

£(0,0))—[1(0,0)®@1))

+(=1)7 Y —;— |01) ®

+(-1)7 49 % 110) ®

b - npan 4
+2\/5|11>®(|f(1,1)> | f(LD)D1)) $(—1) 2|11>®

JE

2

1
B (10)—-11))

Y a=08 a=1 K, RATEWMTHL: |a)-|a®l)=(-1)"(0)-|1))

2024/5/21
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2. Deutsch- Jozsa algort,hlm
m D-J algorithm y ] F

e Step 2: (3) qubits pass through F gate

» Output state

WALAAE BB R, M o 1
ZoRTEE (T IE) (-7 =100y ® —= (| 0)—| 1))
ETHEENTIRE 2 JE

JEM ), THRPHY
- 1 1
_yvon R .
?HVWmWWﬂﬂwww4WWmnmvmm» -l ZIODG§JEGO>II»
(R F—h n, FER Y o KRG —/MO S P AR <t:: o 1 1
+(-1)79 o 110) ® —E(I 0)—11))

BIE, ERES - ,>XTﬁE’J?ﬁjj( [) (1) ) V2
-y e L go-|)
2 2
TN EFLHeds S
2024/5/21 {Quantum Computing) ﬁ%ﬁ%% Hﬁfl%qFéLl é@
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2. Deutsch-Jozsa algorithm

/ ) / A
[00...0) 7 [g®n E :/

F

B D'J d gOFIthm ) (H|

| eech |

e Step 3: upper (2) qubits pass through Hadamard

gate
» Output state

B -
[E—
e
I
—
I
r—
=,
[e—
p—
\
—~
—
o
S

> TREBTTEREXIRCRE |00) AIHRIE
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2. Deutsch-Jozsa algorithm

..o —f— e
. e |
m D-J algorithm 9 0

e Step 3: upper (2) qubits pass through Hadmard gate

l((_l)f(O.O)+(_l)f(0.l)+(_l)f(l.0)+(_1)f(l,l))
4

X2 | 00) FIBERHR IR . FATTH 5 P i R ZLHY | 00) H A R 4R 1
HIZE R :

R fAFEHBH, EFERATEGREARRO0, FABMER
WA 1,

R fAFTEZE, ETRANEGHEARR 1, FAKER
@A -1,

o RAFH R, MABMEREHA O,
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2. Deutsch-Jozsa algorithm

—————

m D-J algorithm " ]

e Step 4: measure upper (2) qubits

BT ETE N EF AR, 28200, 01, 108( 11
—Ne AR T “FRATEERTLAEE 00 27 MR KEEHE
K%L, 4TS 00 MHBERZ 1 ; WRKEREFEERE, AT
35 00 MHERAZ 0, ik, HMELRLE 00N, RBHMEHFE
PREL; B, BT R
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2. Deutsch-Jozsa algorithm

m D-J algorithm

e Discussion
A, FTitn WEUEZZ D, NFEEHB—K oracle, FATH
Al ARG Deutsch—Jozsa [AJ@, BIFE—T&MBHIHF, mIAHE
MEEEM 2" '+1IK, FrUABEt_RE KA.
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Conclusion

m Deutsch's algorithm

e Deutsch's oracle problem
e Reversible and irreversible operators

e Deutsch's algorithm
m Deutsch-Jozsa algorithm

e Hadamard matrix and Kronecker product
e N-bit Deutsch oracle problem

e Deutsch-Jozsa algorithm
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